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a b s t r a c t
Amathematical framework of the kinetic theory of active particles is derived to couple two
interacting systems at different scales. The dynamics at the higher scale is influenced by the
lower scale. The analysis is focused on the coupling of multicellular systems in biology to
the molecular scale, while the final aim consists in designing mathematical structures to
assist towards the derivation of models of complex living systems.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Methods of themathematical kinetic theory for active particles have beendeveloped, following [1], tomodelmulticellular
systems focused on the immune competition as documented in the book [2] and in various recent papers [3,4].Mathematical
models, in the case of space homogeneity, are structured in terms of integro-differential equations that define the evolution
of the probability distribution over the microscopic state, called the activity, of large systems of interacting entities called
active particles. The parameters of models can be identified through a phenomenological interpretation of the real system
at its specific scale. On the other hand, it is understood that parameters of models at the cellular scale are generated by
the dynamics at the molecular (genome) scale [5–8]. The same reasonings can be applied, as documented in [9], to models
linking macroscopic and microscopic dynamics.
This present work, following the suggestion of [10] focused on the modelling and mathematical aspects of the early
stage of the onset andmutations of cancer cells, dealswith the derivation of a generalmathematical framework of the kinetic
theory for active particles to couple the lower to the higher scale. In detail, Section 2 summarizes themathematical structures
used for the modelling at the cellular scale, Section 3 deals with the derivation of the aforementioned mathematical
structures, and finally, the last section proposes a critical analysis from the viewpoint of modelling applications in life
sciences.
2. The mathematical framework modelling multicellular systems
Let us consider a system, homogeneously distributed in space, constituted by two interacting cell populations
corresponding to cancer and immune cells described, according to the kinetic theory for active particles, by the distribution
functions
fi = fi(t, u) : [0, T ] × Du → R+ i = 1, 2. (1)
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The mathematical approach and specific models are reported in the book [2], and papers [3,10]. The mathematical
framework used for the modelling is as follows:
∂t fi(t, u) = Ji[f](t, u) = Ci[f](t, u)+ Pi[f](t, u)
=
2∑
j=1
∫
Du
∫
Du
ηij(u∗, u∗)Aij(u∗, u∗; u)fi(t, u∗)fj(t, u∗) du∗ du∗ − fi(t, u)
2∑
j=1
∫
Du
ηij(u, u∗)fj(t, u∗) du∗
+
2∑
h=1
2∑
k=1
∫
Du
∫
Du
ηhk(u∗, u∗)µhk(i)(u∗, u∗; u)fh(t, u∗)fk(t, u∗) du∗ du∗, (2)
where i, j, h, k = 1, 2, . . . ,while, at each time t:
• Ci[f](t, u) models the flow into the elementary volume of the state space of the ith population due to conservative
interactions that modify the state of the interacting pairs without generation of proliferative or destructive events.
Moreover, ηij is the rate of encounters between a candidate cell, with state u∗ in the ith population, and a field particle,
with state u∗ in the jth population, while the probability density for, as a result of this interaction, the particle acquiring
the state u is denoted byAij(u∗, u∗; u).
• Pi[f](t, u)models the flow into the elementary volume of the state space of the ith population due to proliferation, where
µhk(i)(u∗, u∗; u) models the net proliferation into the ith population due to interactions which occur with encounter
rate ηhk between the candidate particle, with state u∗ of the hth population, and the field particle, with state u∗ of the
kth population. It is worth pointing out that the above term models both interactions with population transition and
interactions without population change.
The above mathematical structures can be used, as already mentioned, to derive specific models if the interaction
functions that have been defined above are properly identified. A survey and critical analysis on a variety of models that
are related to the above frameworks is given in the already cited paper [10]. Of course, dealing with an arbitrary number
of populations is simply a matter of additional technical calculations. It is worth stressing that each population is regarded
as a module expressing collectively a well defined biological function. This interpretation, discussed in [3], contributes to
reducing the complexity of the overall system under consideration according to the theory of modules of Hartwell; see
Section 3 of [4].
3. Mathematical structures
Let us now consider the coupling of the system described in the preceding sectionwith the lower scale, where the overall
state is defined by the distribution function of gene expression:
ϕ = ϕ(t, v) : [0, T ] × Dv → R+, (3)
over the microscopic state v ∈ Dv of the interacting entities regarded as active particles.
The system at the lower scale interacts with the outer environment, that has the ability of modifying the gene expression
by an action, known in time, of the type
ψ = ψ(t, v) : [0, T ] × Dv → R+,
given as a bounded integrable function of time and v∫ T
0
∫
Dv
ψ(t, v) dv dt ≤ M, (4)
for some constantM .
The scheme of interaction from the lower to the higher scale can be represented as follows:
[Lϕ = N [ϕ, ϕ] +M[ϕ,ψ]]→ [L f = J[f] +Q[f, ϕ]] , (5)
which corresponds to the dynamics sketched in Fig. 1:
• The evolution of the system at the lower scale is determined by the interaction between active particles within the
population, and with particles of the outer environment.
• The evolution of the system at the higher scale is determined by the interaction between active particles, of both
populations among themselves, and, for each of them, with particles of the lower system.
Technical calculations of the mathematical kinetic theory of active particles (see Chapter 2–4 of [11]) analogous to those
used to derive Eq. (2) yield{
∂tϕ(t, v) = R[ϕ, ϕ](t, v)+ S[ϕ,ψ](t, v),
∂t fi(t, u) = J[f, f](t, u)+ Q [f, ϕ](t, u) i = 1, 2, (6)
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Fig. 1. Coupling of lower and higher scales under the action of the outer environment.
where the right hand side models the flow, at time t , into the elementary volumes [v, v + dv] and [u, u + du] of the state
space of the gene expression, and it is defined by the terms
R[ϕ, ϕ] =
∫
Dv×Dv
η(v∗, v∗)B(v∗, v∗; v)ϕ(t, v∗)ϕ(t, v∗) dv∗ dv∗
−ϕ(t, v)
∫
Dv
η(v, v∗)[1− µe(v, v∗)]ϕ(t, v∗) dv∗, (7)
and
S[ϕ,ψ] = ε1
∫
Dv×Dv
η(v∗, v∗)C(v∗, v∗; v)ϕ(t, v∗)ψ(t, v∗) dv∗ dv∗
− ε1 ϕ(t, v)
∫
Dv
η(v, v∗)[1− µs(v, v∗)]ψ(t, v∗) dv∗, (8)
while Ji has been defined in Eq. (2). Moreover
Qi[f, ϕ] = ε2
∫
Du×Dv
η(u∗, v∗)D(u∗, v∗; u)fi(t, u∗)ϕ(t, v∗) du∗ dv∗
− ε2fi(t, u)
∫
Dv
η(u, v∗)[1− µz(u, v∗)]ϕ(t, v∗) dv∗. (9)
where:
• η defines the rate of encounters between a candidate (or test) and a field particle in the molecular population related to
conservative interactions.
• ε1 and ε2 define the scaling with respect to the rate of encounters between a candidate (or test) and a field particle in the
molecular and cellular populations, respectively.
• B, C and D define the probability densities, in the molecular and cellular populations, respectively, that a candidate
particlemodifies its state due to an encounterwith a field particle of themolecular population and the outer environment.
These terms have the structure of a probability density with respect to the output state:∫
Dv
B(v∗, v∗; v) dv =
∫
Dv
C(v∗, v∗; v) dv =
∫
Dv
D(u∗, v∗; u) du = 1, (10)
for all input states.
• µe andµs define the net proliferation of a candidate particle, belonging to the molecular population, due to an encounter
with a field particle of the molecular population or the outer environment respectively.
• µz defines the net proliferation of a candidate particle, belonging to the cellular population, due to an encounter with a
field particle of the outer environment population.
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Substituting all terms into (6) yields
∂tϕ(t, v) =
∫
Dv×Dv
η(v∗, v∗)B(v∗, v∗; v)ϕ(t, v∗)ϕ(t, v∗) dv∗ dv∗
−ϕ(t, v)
∫
Dv
η(v, v∗)[1− µe(v, v∗)]ϕ(t, v∗) dv∗
+ ε1
∫
Dv×Dv
η(v∗, v∗)C(v∗, v∗; v)ϕ(t, v∗)ψ(t, v∗) dv∗ dv∗
−ε1 ϕ(t, v)
∫
Dv
η(v, v∗)[1− µs(v, v∗)]ψ(t, v∗) dv∗,
∂t fi(t, u) =
2∑
j=1
∫
Du×Du
ηij(u∗, u∗)Aij(u∗, u∗; u)fi(t, u∗)fj(t, u∗) du∗ du∗
−fi(t, u)
2∑
j=1
∫
Du
ηij(u, u∗)[1− µij(u, u∗)]fj(t, u∗) du∗
+
2∑
h=1
2∑
k=1
∫
Du
∫
Du
ηhk(u∗, u∗)µhk(i)(u∗, u∗; u)fh(t, u∗)fk(t, u∗) du∗ du∗
+ ε2
∫
Du×Dv
η(u∗, v∗)D(u∗, v∗; u)fi(t, u∗)ϕ(t, v∗) du∗ dv∗
− ε2fi(t, u)
∫
Dv
η(u, v∗)[1− µz(u, v∗)]ϕ(t, v∗) dv∗,
(11)
with i = 1, 2. Some applications will be discussed in the next section.
4. Critical analysis
The contents of this present work have been proposed with methodological aims of looking at applications in various
fields of life sciences such as those dealt with in the book [11], where interactions at different scales occur. For instance,
this is the case for social sciences [12,13], where individual behaviours have an influence over the dynamics of groups of
interest, and vehicular traffic [14], due to the influence of the heterogeneous behaviours of drivers. Of course, dealing with
specific applicationsmay need technical developments of the above approach aswill be documented in a forthcoming paper,
following this short note. In fact, the specificity of the interactions and that of the concept of scaling both depend on the
particular system under consideration.
Finally, let us briefly consider the coupling with the higher scale. It has been shown in [15] that macroscopic equations
can be derived from the underlying description delivered by the kinetic theory. The derivation is obtained by application of
asymptotic methods after suitable time–space scaling. It has been shown how different equations correspond to different
stages of the evolution, namely mass conservation, parabolic, and hyperbolic with onset of source terms [16–18]. Therefore,
the evolution of the structure of macroscopic equations can be obtained by linking them to the equations at the lower scale,
namely equations of the type (6). The reference background is the multiscale modelling of cancer phenomena where, as
documented in [4], all scales are involved in the evolution of the system.
The coupling can be technically applied also in the case of scales different from those treated in the preceding sections.
For instance, the approach proposed in [9] deals with the coupling between the cellular scale and the super-macroscopic
scale. In this case, the parameters at the higher scale depend on the dynamics at the lower scale. This is a particular case
that can be useful in several applications.
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